Abstract. Equilibrium equations and stability conditions are derived for a general class of multicomponent biological membranes. The analysis is based on a generalized Helfrich energy that accounts for geometry through the stretch and curvature, the composition, and the interaction between geometry and composition. The use of nonclassical differential operators and related integral theorems in conjunction with appropriate composition and mass conserving variations simplify the derivations. We show that instabilities of multicomponent membranes are significantly different from those in single component membranes, as well as those in systems undergoing spinodal decomposition in flat spaces. This is due to the intricate coupling between composition and shape as well as the nonuniform tension in the membrane. Specifically, critical modes have high frequencies unlike single component vesicles and stability depends on system size unlike in systems undergoing spinodal decomposition in flat space. An important implication is that small perturbations may nucleate localized but very large deformations. We show that the predictions of the analysis are in qualitative agreement with experimental observations. Key words. stability, membrane, biological, spherical, heterogeneous AMS subject classifications. 74K25, 92C05, 49Q10 DOI. 10.1137/110831301 1. Introduction. Biological membranes (BMs) are fundamental building blocks of cell walls, mitochondria, and other organelles. They protect the cell by providing a barrier, and control almost all interaction with the surroundings, including transport, signaling, transduction, and adhesion. A key to this diverse functionality is the coupling between mechanical signals carried by the BM and biochemical events in the cell [13, 24, 31, 37, 47] and the rich phenomena that this coupling creates; see, e.g., [3, 16, 34, 28, 36] . For example, gated mechano-sensitive ion channels open to form a large conductance pore in response to membrane stretching [14, 17, 18, 33, 38, 25] .
types of lipid molecules, or mobile membrane proteins embedded in a lipid phase. The current geometric configuration of the membrane is described by a closed surface S. Let H be the mean curvature, let K be the Gauss curvature of this surface, and let V S be the volume enclosed by S. We introduce a total density ρ : S → R + that describes the total density (both components combined) at each point of the membrane, and a concentration c : S → [0, 1] which describes the ratio between the two components. It follows that at any given point on the membrane cρ and ( Suppose that this membrane is subjected to an osmotic pressure difference P between the fluid inside and outside the vesicle. Then, the total potential energy of the vesicle may be written as
where the generalized free energy is given by
The first term depends on the density or equivalently the specific area, and describes the energy required to stretch the membrane. Therefore we refer to k ρ as the stretching modulus. Importantly, this term depends only on specific area instead on the entire metric tensor. This reflects the fact that the membrane is a fluid and cannot resist any shear in the plane. Various researchers use the fact that k ρ is large and replace this energy with a constraint of constant membrane area [27, 46] . While this is acceptable for single component BMs, it makes certain subtleties harder in multicomponent situations which we shall see later.
The second term is the Helfrich energy and depends on the mean curvature. k H is the bending modulus and H 0 is the spontaneous curvature, and both depend on composition. If the two components have different molecular structure, any inhomogeneity induces a local spontaneous curvature. Therefore, spontaneous curvature is dictated by composition, resulting in a coupling between composition and shape. For example, membrane proteins can act on the membrane as wedges leading to areas of high curvature. Also, different types of lipids can have different molecular shapes. For example, in phosphatidylcholine the head group and lipid backbone have similar cross-sectional areas, and therefore the molecule has a cylindrical shape. On the other hand, phosphatidylethanolamine molecules have a small headgroup and are cone-shaped, while in lysophosphatidylcholine the hydrophobic part occupies a relatively smaller surface area and the molecule has the shape of an inverted cone [30] . The mixture of cylindrical lipids and conical lipids will have a spontaneous curvature that depends on the concentration of the conical lipids [6] . In addition, the two phases can have different mechanical properties. This is accounted for by the dependency of k H on composition [3] .
The third term is taken to be linear in the Gauss curvature and, consequently, does not affect closed vesicles.
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The fourth term, f , describes the interaction between the two phases. A simple model for f combines the aggregation enthalpy and the entropy of mixing [35] 
so that it is convex at high temperatures (miscible) but nonconvex at low temperatures (immiscible). This above form is similar to relations used in other works [1, 19] , where fourth-order polynomials have been used in order to approximate a double-well energy landscape. It turns out that the critical temperature, B/4k B , is typically close to room temperature [35] . Finally, the last term penalizes rapid changes in composition as, for example, in phase boundaries.
Nondimensionalization.
We define the unit length R as the radius of the membrane if it takes a spherical shape with a uniform density ρ = ρ 0 . Hence,
Accordingly, we introduce the following nondimensional quantities: 5 . Therefore, the nondimensional energy functional reads as
In what follows all quantities are nondimensional, and we disregard the (∼) symbol for brevity.
3. Mathematical preliminaries.
Definitions and identities.
We have represented a biological membrane as a surface or a two-dimensional manifold in a three-dimensional Euclidean space. This surface is described by
where u 1 , u 2 are real parameters. We introduce the following quantities:
Here, (.) ,i denotes partial derivative with respect to u i , g i and g i are, respectively, the covariant and contravariant base vectors tangent to the surface, n is the unit normal to the surface, δ ij is the Kronecker delta, and g ij and L ij are the first and second fundamental forms of the surface. In addition, the mean and Gauss curvatures of the surface are
where c 1 and c 2 are the principle normal curvatures. The surface gradient operator is defined as [32] 
Accordingly, the gradient of a scalar function f is simply
and the Laplace-Beltrami operator is
.
We recall two integral identities:
In addition to the above conventional surface operators, we shall also use extensively the following nonconventional operators introduced by Yin and his collaborators 1 [23, 41] :
These operators satisfy a number of integral identities that will prove useful in our calculations. These are listed in Appendix A. They largely follow from the following identities, which appear to be formal analogues of (10) with the Gauss curvature replacing by mean curvature:
SEFI GIVLI, HA GIANG, AND KAUSHIK BHATTACHARYA 3.2. Perturbations. We are interested in finding the equilibria and study their stability by studying the first and second variation of the potential energy. This requires some care since the perturbations in shape, density, and composition can be coupled and because of the constraints (1). Consider arbitrary perturbations of shape, density, and composition: (14) x = x + δx, ρ = ρ + δρ, c = c + δc,
ζ i are arbitrary functions, and is an arbitrarily small scalar. The fact that we are dealing with a closed smooth surface enables us to use normal perturbations without any loss of generality. To deal with the constraints (1), we introduce
Evaluating these for the perturbed quantity and expanding them in , we obtain (17)
In order for the constraints to satisfy up to the second order, we need
It follows that there exist functions
Solving (19) for ζ i, i=3, 6 and substituting them into (15) we have
We have shown that any arbitrary perturbation that satisfies the constraint to second order is necessarily of the form (20) . The converse is also true by verification. Note also that ζ i , β i , γ i , i = 1, 2, are independent. Finally, we note that in light of the specific form of (20), taking first and second variations with respect to ζ 2 , β 2 , and γ 2 does not yield any new information. Thus, we take the variation of the surface, density, and composition to be
for arbitrary functions ψ i , i = 1, 2, 3. Another way to approach the problem is to introduce Lagrange multipliers associated with the constraints (1). Details on the equivalence between the two approaches are provided in Appendix C.
Equilibrium configurations.
We now derive the equilibrium equations in accordance with section 3.2. By definition,
Plugging (21) into (22), applying integral theorems associated with the conventional and nonconventional gradient operators, and letting δ (1) F = 0 for arbitrary ψ i , we conclude, after some algebraic manipulations, with the following three equilibrium equations:
where () denotes the derivative with respect to c. Equation (23a) is associated with variations in the membrane shape, and generalizes the shape equation for single component membranes [46] . The first three terms, which include the coefficient k H , describe the contribution of bending. There is no term involving k K because the integral of the Gauss curvature is conserved on a closed surface according to the Gauss-Bonnet theorem. The fourth and fifth terms come from the free energy associated with composition. The final two terms are a generalization of the Young-Laplace equation, and we identify 2k ρ (ρ 2 − 1) as the membrane tension.
Similarly, we denote the equations associated with the perturbations in ρ (23b) and in c (23c) the density and composition equations, respectively. We note that if Δϕ = 0 over a closed surface, ϕ is a constant function:
Therefore, we can combine the density and composition equations, and show that
where α 1 and α 2 are constants. It follows that the membrane tension is not necessarily uniform in multicomponent membranes. Further, the coefficient α 1 linking tension and composition is a generalized specific chemical potential. Interestingly, this potential depends on both membrane shape and composition. Finally, the composition equation (23c) may be interpreted as a generalized Cahn-Hilliard equation. The presence of H 0 (c) indicates that shape can drive nontrivial variations in composition even when f (c) is convex (f (c) monotone).
Linear stability.
The three coupled equations (23) enable us to find equilibrium configurations. Nevertheless, an equilibrium configuration is not necessarily a stable one. We therefore proceed with analyzing the linear stability of the equilibrium solutions by investigating the second variation of the energy functional
with respect to (21) . By applying integral theorems associated with the conventional and nonconventional gradients, we are able to write the second variation in the following compact form:
where D is a symmetric differential operator with the following components:
and
Notice from (28) that D 11 generalizes what one expects for single component vesicles [46] . Also, the important interplay between composition and geometry is captured by the parameter Q, which is the unique combination through which the second derivatives of both f and H 0 appear. It shows that instabilities may be triggered by f , or by H 0 or by size. The critical configurations are identified by the solution of the eigenvalue problem associated with (27) . Further, stability can be examined by studying the eigenvalues of the operator D. In general, achieving this is difficult even for the homogeneous membrane [46] . Nevertheless, (27) provides a powerful tool for numerical analysis of the stability of any equilibrium configuration.
6. The uniform spherical membrane. 6.1. The uniform spherical membrane. Besides being an attractive mathematical problem, the stability of a uniform spherical membrane is of practical importance. Many experiments on multicomponent vesicles have demonstrated a complex landscape of morphologies with a spherical (or quasi-spherical) membrane shape [2, 3, 6, 34] . Moreover, the starting point of these experiments is often spherical and uniform vesicles, which respond to an external stimulation, such as changes in temperature or in osmotic pressure, by altering their composition, landscape, and shape.
Let us use standard spherical coordinates, and denote the equilibrium state associated with the uniform spherical membrane with an overbar. Thus,
where R is the radius of the sphere. Also, the Laplace-Beltrami operator is the usual Laplace operator on the sphere, i.e.,
Further, the Laplace-Beltrami operator and the operator ∇ 2 defined in (12) satisfy the simple relation
Since density and composition are uniform, the density and composition equations (23b), (23c) are satisfied identically, and the shape equation (23a) becomes
Recall that the total number of molecules in the vesicle, M , is fixed. Thus,
Therefore, a two-phase vesicle with an overall concentration c = M I /M can have an equilibrium configuration of uniform composition and spherical shape if
Above, f and H 0 imply that these functions are evaluated at c. Equation (35) provides an explicit expression for the relation between the pressure difference and the radius of the vesicle. We note that for a typical vesicle with a 100 μm diameter the (nondimensional) value of k ρ is of the order 10 8 . Further, pressure difference of 10 Pa corresponds to P = 10 5 . Therefore, unless the pressure is much smaller than that, the contribution of the first two terms can be ignored. This radius-pressure relation is illustrated in Figure 1 . Further, we note that for relatively low pressures 1 − H 2 1 (for example, with a pressure of 10 Pa, 1 − H 2 ≈ 10 −4 ). Therefore, from (34) , the density of the membrane is almost unchanged. This agrees with the common assumption that the membrane has a constant area. Nevertheless, this assumption is questionable in cases where the (nondimensional) pressure is relatively high and the membrane is strained by a few percents, as occurs in certain cells and bacteria [4] . Importantly, the "constant area constraint" is usually imposed by introducing a constant (yet unknown) Lagrange multiplier [10, 26, 46] . Therefore, the constant area constraint implies that the membrane stretch is uniform. Obviously this is not the case in multicomponent membranes where ρ can vary considerably (25) . Accounting for the nonuniform stretch is important in studying phenomena such as mechano-sensation and ion-channels activity, where membrane stretching governs the mechanical response. Our formulation accounts for the nonuniform stretch in the membrane through ρ.
Next, we calculate the second variation of the energy functional for a uniform spherical membrane. To do that, we evaluate (27) and (28) using relation (30)-(32), (34) with ρ = ρ = const and c = c = const. In addition, it is convenient to expand each of the functions ψ i into a series of spherical harmonics [46, 22] (36)
are constants and Y (l,m) is the spherical harmonic of degree l and order m satisfying
Since the membrane is closed, the periodic boundary conditions, as well as regularity conditions at both the north and south poles, require that l and m be integers that satisfy (38) l ≥ 0 and |m| ≤ l.
In addition, in order to ensure that ψ i are real functions we impose the requirement
Above, the asterisk refers to complex conjugate, and the relation Y (lm) * = (−1) m Y (l,−m) has been used. With the aid of the last four equations we conclude with
where G ij are the components of a 3 × 3 symmetric matrix G which depends on l but not on m:
The equilibrium configuration is stable if δ 2 F is positive for any Q (l,m) i
. An equivalent representation of (40) is
. . .
Therefore, critical configurations can be obtained by the requirement det(G) = 0, and an equilibrium configuration is stable if all three eigenvalues of G(l) are positive for any l ≥ 0.
Numerical results.
Equations (41) show how the stability of the uniform sphere is dictated by the mechanical properties of the membrane, k H and k ρ , the coupling between shape and composition, H 0 (c), and the nature of interaction between the two phases through f (c) and k c . While reports regarding measured values of k H and k ρ are consistent [4, 26] , the literature still lacks systematic measurements of the other quantities. These are harder to gauge, may significantly differ for different types of lipids or proteins, and are much more sensitive to temperature. For example, the interaction function f (c) may change from single well to double well energy structure by varying the temperature by a few degrees. From (4) we can calculate f as
where T 0 is the room temperature. Recalling that k H ≈ 10 −19 J and ρ ≈ 10 4 molecules per μm 2 (lateral area occupied by a single membrane proteins is roughly 10 nm), we conclude that a change of one Kelvin corresponds to a change of ∼100 in f . Thus, for the same composition, f (c) changes sign (from convex to concave and vice versa), which in turn can change the sign of the second variation. Therefore, in the examples below we focus on demonstrating how the stability of the uniform sphere is affected by f (c), k c , and H 0 . Note that while changes in the first two quantities can be interpreted as changes in temperature as discussed above, H 0 reflects the strength of the coupling between composition and shape.
In all examples below we consider a 10 μm vesicle with c = 0.
(M I = M II ). Thus, typical (dimensional) values of k H = 10
−19 J and k ρ = 100 mJ/m 2 correspond to nondimensional values of k H = 1 and k ρ = 10 8 . In addition, we assume that f c = 0, which means that c locates the bottom of the composition "energy well." Figure 2 (a) illustrates a typical stability phase diagram projected on the P − l plane showing stable regions (G positive definite) and unstable regions. A configuration is said to be stable if all modes, l, are stable. Note that a mode l describes variations in shape, composition, and density, where each of these variations is characterized by the same spherical mode l. Therefore, in what follows, we interchangeably interpret modes in terms of shape, composition, or both. We define the critical pressure P cr as the lowest pressure for which the membrane is stable, and l cr as the degree at P cr . Figure 2 
(c)-(d) repeat this for different values of Q.
The first observation is that in contrast to single component vesicles, multicomponent vesicles can become unstable even at high positive pressures. Second, note that the critical pressure can change dramatically with Q. As noted earlier, a few degrees Celsius change in temperature can change Q by 100s. This means that the stability can depend sensitively on temperature. Consider, for example, a membrane with P = 1400 (equal to 0.14 Pa which is typical and smaller than the pressure exerted by actin polymerization on the lamellipodium [35] ). Such a membrane would be stable for Q = −50, but unstable for Q = −100.
A third interesting observation is that the critical modes have extremely high frequency (l ∼ 10 − 100). This is in marked contrast with single component vesicles where the critical mode is always 2 [46] . However, it is completely consistent with experimental observations [3, 34] . Figure 2(b) reproduces the early stages of instability observed by Veatch and Keller [34] under two different experimental conditions. An important implication is that small perturbations may nucleate localized but very large deformations. The high frequency instability is consistent with (flat) spinodal decomposition. However, unlike (flat) spinodal decomposition, the critical temperature, pressure, and mode depend on system size through our parameter Q. We note a critical value for Q below which the membrane is unstable for all pressures. We also note that P cr decreases monotonically with increasing Q. However, the critical mode l cr is not monotonous. As Q decreases, the propensity for instability and consequently l cr increases. However, increasing P cr with decreasing Q increases the membrane tension. This, in turn, tries to reduce l cr .
A second parameter that has a significant effect on the interplay between composition and geometry is H 0 . Figure 4 shows how critical pressure and mode depend on this parameter. We observe that the critical pressure varies nonmonotonically but l cr is monotonous. This is explained by the fact that higher values of H 0 correspond to higher spontaneous curvature of phase II, resulting in tendency of the system to have small regions in the membrane with high curvature. Interestingly, for moderate values of H 0 , P cr exhibits significant changes while l cr is almost unaffected.
The effect of H 0 , which reflects the strength of the composition-shape coupling, is demonstrated in Figure 4 . Here, unlike the effect of the phase interaction discussed above, the strength of the composition-shape coupling has a nonmonotonous effect on the stability (P cr ) of the membrane. On the other hand, the effect on l cr is monotonous. Interestingly, at moderate values of H 0 , P cr exhibits significant changes while l rc is almost unaffected. Figure 5 illustrates how critical pressure and mode vary with vesicle size (mass) for the same experimental setup. This is in contrast to spinodal decomposition in flat space which is independent of mass. Note that the critical pressure tends to zero for extremely small and large systems. The former is due to the stabilizing effect of the gradient term that dominates at small sizes while the latter reflects the behavior of a flat membrane.
A higher k c tends to make composition homogeneous. Thus, higher k c stabilizes the membrane and excites modes with a smaller l. This is demonstrated in Figure 6 where critical pressure and mode are calculated as a function of k c . It is evident that the effect of k c is monotonous, and a higher k c both stabilizes the membrane and excites modes with a smaller l. The reason is that k c penalizes for gradients in composition. Therefore, higher values of k c tend to stabilize the uniform composition (and in turn membrane shape as well). Furthermore, since harmonics with the same amplitude and higher l correspond to higher composition gradients, high k c tends to diminish excitation of modes with a high l.
Finally, we demonstrate how disparity in the bending stiffness of the two components influences the membrane stability. For specificity, we assume a linear relation between the bending stiffness and composition, i.e., (46) k H (c) = c k tween membrane shape and biochemical events in the cell. The derivation is general and applicable to arbitrary membrane shapes, arbitrary characteristics of the interaction between the phases, and arbitrary forms of the coupling between composition and shape. Calculations of the first and second variations of the energy functional include two important features which significantly simplify the derivations and make them more elegant. These are the use of the nonconventional differential operators and related integral theorems, and the introduction of appropriate composition and mass conserving variations to avoid Lagrange multipliers.
We have practiced the stability analysis for a heterogeneous membrane with uniform composition and spherical shape. This problem is of practical importance since many experiments with multicomponent vesicles study the composition landscape of spherical (or quasi-spherical) membranes, and how uniform and spherical vesicles respond to external stimuli by altering their composition landscape and shape. We have demonstrated that the response of a heterogeneous, yet uniform, membrane is fundamentally different from that of a homogeneous (single phase) membrane. For example, single phase spherical membranes are always stable with positive pressure. Nevertheless, in the case of multicomponent membranes, chemical instabilities can drive mechanical instabilities even at relatively high pressures.
The focus of the numerical examples has been the calculation of critical pressure, under which the vesicle destabilizes, and the corresponding mode. Specifically, we performed a parametric study in order to gain insight into how the characteristics of the interaction between the phases and the strength of the coupling between composition and shape affect the membrane stability. The results are summarized in Table 1 . Furthermore, we have demonstrated that the range of excited modes depends on a delicate and nonintuitive interplay between the properties of the membrane and external conditions, such as temperature and osmotic pressure. The excitation of modes with a certain range of wavelengths corresponds to a composition landscape that has a typical morphological correlation length that depends on the level of stimulation, in qualitative agreement with experimental observations. We emphasize that our numerical results are limited to linear stability analysis, SEFI GIVLI, HA GIANG, AND KAUSHIK BHATTACHARYA which provides important insight regarding conditions of stability and the excited modes, but does not provide information regarding the poststability behavior. This can be achieved by extending the current analysis to higher variations of the energy functional. Note that deriving these higher variations is technical in principle, as it does not require any special techniques or derivations besides the ones used for calculating the first and second variations.
Appendix A. Useful relations. In this appendix we list useful relations and identities which we have used in deriving the equilibrium equations and stability conditions. Throughout this appendix f and ψ denote arbitrary scalar functions. In addition, we consider S to be a closed surface.
The integral theorems and identities listed below are a direct consequence of the divergence theorems (10) and (13) . Nevertheless, we list them here for completeness. Specifically, proofs for the identities associated with the conventional gradient operator (47)-(54) can be found in [32] , while those related to the nonconventional gradient operator can be found in [42, 43] : (47) ∇f · n = 0; ∇f · n = 0.
∇f · ∇f =2H∇f · ∇f − K∇f · ∇f.
Appendix B. Variations of various quantities.
Perturbing the shape in the normal direction (56) δx = ψ 1 n, one can show that [46] (57)
and, consequently,
Importantly, the variation of the gradient does not equal the gradient of the variation, as in flat space. In particular, δ(∇c) = ∇(δc). Also, the variation of the term in the energy function which penalizes composition gradients is
where Ψ 3 = (Δψ 3 − cΔψ 2 )/ρ. Above, δη means η(x + δx) − η(x), and e ijk is a cyclic permutation of (1, 2, 3), i.e., 
Appendix C. The equivalence between the tangential perturbation method and the Lagrange multiplier method. In order to solve our constrained optimization problem, the Lagrange multiplier method may be used [45] . By this method, the equilibrium solutions of (1, 3) nullify the first variation of the Lagrange functional Let's manipulate (65) and (23) to show that they are equivalent. Solving (65b) and (65c) for λ 1 and λ 2 and substituting them into (65a), we have 
Also, using the fact that Δϕ = 0 on a closed surface implies that ϕ is a constant function, we may combine (23b) and (23c) to obtain 
where α 1 and α 2 are constants. We can see that (65 ) and (23 ) are exactly the same. A more general proof can be found in [45] . Similarly, calculating δ 2 L at the tangential perturbations (64) and eliminating the Lagrange multipliers λ 1 and λ 2 by using the equilibrium equations (65) we also get
where D ij are defined as in (28) .
